Let X be a smooth complex surface: a rational equivalence class of 0-cycles on X is decomposable if it is the intersections of two divisor classes. Let DCH 0 (X) ⊂ CH 0 (X) be the subgroup generated by decomposable 0-cycles. Beaville and Voisin [1] proved that if X is a K3 surface then DCH 0 (X) ∼ = Z. What can be said of the group DCH 0 (X) in general? A projective irregular surface X with nonzero map
Introduction
Let X be a smooth complex surface: a rational equivalence class of 0-cycles on X is decomposable if it is the intersections of two divisor classes. Let DCH 0 (X) ⊂ CH 0 (X) be the subgroup generated by decomposable 0-cycles. Beaville and Voisin [1] proved that if X is a K3 surface then DCH 0 (X) ∼ = Z. What can be said of the group DCH 0 (X) in general? A projective irregular surface X with nonzero map
) provides an example with group of decomposable 0-cycles that is not finitely generated, even after tensorization with Q. Let us assume that X is a projective regular surface: then DCH 0 (X) is finitely generated because CH 1 (X) is finitely generated, and we may ask what is the rank. The blow-up of a regular surface with non-zero geometric genus at (r − 1) generic points gives examples of projective regular surfaces with DCH 0 (X) of rank at least r (see Example 1.3 b) of [2] ). What about a less artificial class of surfaces, such as (smooth) surfaces in P 3 ? If the rank of DCH 0 (X) is to be larger than 1 then the rank of CH 1 (X) must be larger than 1 but the latter condition is not sufficient, for example curves on X whose canonical line-bundle is a (fractional) power of the hyperplane bundle do not increase the rank of DCH 0 (X), see Subsection 1.2. (The papers [13, 4] provide examples of smooth surfaces in P 3 with Picard group of large rank and generated by lines: it follows that the group spanned by decomposable 0-cycles of such surfaces has rank 1.) On the other hand Lie Fu proved that there exist degree-8 surfaces X ⊂ P 3 such that DCH 0 (X) has rank at least 2, see 1.4 of [6] . In the present paper we will prove the result below.
Theorem 0.1. There exist smooth surfaces X ⊂ P 3 of degree d such that the rank of DCH 0 (X) is at least ⌊ d−1
⌋.
In particular the rank of the group of decomposable 0-cycles of a smooth surface in P 3 can be arbitrarily large.
The paper is organized as follows. In Section 1 we examine surfaces in a smooth 3-fold V that contain the disjoint union C = C 1 ∪. . .∪C n of smooth closed curves, more precisely surfaces in the linear system |I C (H)|, where H is a sufficiently ample divisor on V . We assume that V has trivial Chow group. We prove that if the curves C i are not rationally canonical (see Item (1) of Proposition 1.6 for the precise hypothesis), and a certain Noether-Lefschetz condition is satisfied by surfaces in |I C (H)|, then the classes of C 2 1 , . . . , C 2 n on a very general X ∈ |I C (H)| are linearly independent, and they span a subgroup with no non-trivial intersection with the image of CH 2 (V ) → CH 2 (X). The idea behind our result is that of spread. In Section 2 the 3-fold V is assumed to be projective 3-space; applying Joshi's results [9] and the idea of Griffiths-Harris as developed by Lopez and Brevik-Nollet [8, 12, 5] , we prove a Noether-Lefschetz result for surfaces containing fixed curves that will suffice to apply the main result of Section 1. In Section 3 we prove Theorem 0.1.
Conventions and notation:
We work over C. Points are closed points. Let X be a variety: "If x is a generic point of X, then..." is shorthand for "There exists an open dense U ⊂ X such that if x ∈ U then...". Similarly the expression "If x is a very general point of X, then..." is shorthand for "There exists a countable collection of closed nowhere dense Y i ∈ X such that if x ∈ (X \ i Y i ) then...". From now on we will denote by CH(X) the group of rational equivalence classes of cycles with rational coefficients. Thus if Z 1 , Z 2 are cycles on X then Z 1 ≡ Z 2 means that for some non-zero integer ℓ the cycles ℓZ 1 , ℓZ 2 are integral and rationally equivalent. If Z is a cycle on X we will often use the same symbol (i.e. Z) for the rational equivalence class represented by Z.
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1. The family of surfaces containing given curves 1.1. Threefolds with trivial Chow groups. Throughout the paper V is an integral smooth projective threefold. Hypothesis 1.1. The cycle class map cl : CH(V ) −→ H(V ; Q) is an isomorphism.
The archetypal such V is P 3 . A larger class of examples is given by 3-folds with an algebraic cellular decomposition (see Ex. 1.9.1 of [7] ), and conjecturally the above assumption is equivalent to vanishing of H p,q (V ) for p = q. An integral smooth projective threefold has trivial Chow group if Hypothesis 1.1 holds.
Claim 1.2. Let V be as above, in particular it has trivial Chow group. The natural map
is surjective.
is surjective by Hard Lefscehtz. The claim follows because of Hypothesis 1.1.
Standard relations.
Let V be an integral smooth projective 3-fold with trivial Chow group. Let X ⊂ V be a closed surface (pure 2-dimensional subscheme) and i : X ֒→ V be the inclusion map. Let R s (X) ⊂ CH s (X) be the image of the restriction map
Notice that R 2 (X) ⊂ DCH 0 (X) by Claim 1.2. Suppose that C ⊂ X is an integral smooth curve. We will assume that C · C makes sense in CH 0 (X), for example that will be the case if X is Q-Cartier. Let us list some elements of the kernel of the map
Let j : C ֒→ V be the inclusion map. By Cor. 8.1.1 of [7] the following relation holds in CH 0 (X):
where α C := i * (j * C) ∈ R 2 (X). Equation (1.5) is the first standard relation. Now suppose that there exists ξ ∈ CH 1 (V ) such that
(Recall that Chow groups are with Q-coefficients, thus (1.6) means that there exists an integer n > 0 such that K ⊗n C is the pull-back of a line-bundle on V .) Adjunction for X ⊂ V and for C ⊂ X give
Thus there exists β C ∈ R 1 (X) such that
The above is the second standard relation (it holds assuming (1.6)).
Example 1.3. Let V = P 3 , let X ⊂ P 3 be a smooth surface of degree d, and C ⊂ X a smooth curve. The subgroup of CH 0 (X) spanned by intersections of linear combinations of H := c 1 (O X (1)) and C has rank at most 2. In fact the first standard relation reads dC · H = (deg C)H · H. If c 1 (K C ) = mC · H, where m ∈ Q, then the second standard relation reads C · C = (m + 4 − d)C · H, and hence C · C, C · H, H · H span a rank-1 subgroup.
1.3. Surfaces containing disjoint curves. Let V be a smooth projective 3-fold with trivial Chow group and C 1 , . . . , C n ⊂ V be pairwise disjoint integral smooth projective curves. Let C := C 1 ∪. . .∪C n and let π : W → V be the blow-up of C. Let E be the exceptional divisor of π, and let E k , for k ∈ {1, . . . , n}, be the irreducible component of E mapping to C k . Let H be a divisor on V . For k ∈ {1, . . . , n} we let
Let S ∈ |π * (H) − E|, and let X := π(S). Then S ∈ Σ k if and only if S contains one (at least) of the fibers of E k → C k , or, equivalently, the map S → X given by restriction of π is not an isomorphism over C k . We will always assume that (π * (H) − E) is very ample on W ; with this hypothesis Σ k is irreducible of codimension 1, or empty (compute the codimension of the loci of S ∈ |π * (H) − E| which contain one or two fixed fibers of E k → C k ). Suppose that H is sufficiently ample: then, in addition, if S ∈ Σ k is generic the surface X = π(S) is smooth except for one ODP (ordinary double point) belonging to C k , and the set of reducible S ∈ |π * H − E| is of large codimension in |π * H − E|. We will assume that both of these facts hold (but we do not assume that H is "sufficiently ample", because we want to prove effective results). Hypothesis 1.4. Let C 1 , . . . , C n ⊂ V and H be as above, and suppose in addition that
(1) for k ∈ {1, . . . , n}, and S ∈ Σ k generic, the surface π(S) is smooth except for one ODP (ordinary double point) belonging to C k , and (2) the set of reducible S ∈ |π * H − E| has codimension at least 3 in |π * H − E|.
Assume Hypothesis 1.4, and let S ∈ Σ k be generic. Let x the unique singular point of π(S); then S contains the line π −1 (x), and the class of π −1 (x) in CH 1 (S) is not in the image of the restriction
The hypothesis below contains the key Noether-Lefschetz assumption.
Hypothesis 1.5. Let C 1 , . . . , C n ⊂ V and H be as above, suppose that Hypothesis 1.4 holds, and that in addition the following Noether-Lefschetz statements hold:
(1) If A ⊂ |π * (H) − E| is an integral closed codimension-1 subset, not equal to one of Σ 1 , . . . , Σ n , and S ∈ A is very general, the restriction map
(2) For k ∈ {1, . . . , n}, S ∈ Σ k very general, and x the unique singular point of π(S) (an ODP belonging to C k , by Hypothesis 1.4), CH 1 (S) is generated by the image of the restriction map CH 1 (W ) → CH 1 (S) together with the class of π −1 (x).
In the present section we will prove the following result. Proposition 1.6. Let C 1 , . . . , C n ⊂ V and H be as above, and assume that Hypothesis 1.5 holds. Suppose also that for k ∈ {1, . . . , n} there does
Chow groups are with coefficients in Q.) Then for very general smooth X ∈ |I C (H)| the following hold:
(2) Let {ζ 1 , . . . , ζ m } be a basis of CH 1 (V ). Suppose that for very general smooth X ∈ |I C (H)|
The proof of Proposition 1.6 will be given in Subsection 1.7. Throughout the present section we let V , C, W , E and H be as above, and we assume that Hypothesis 1.4 holds. 
Let p W : S → W and p Λ : S → Λ be the forgetful maps. Thus we have
is very ample it is globally generated and hence the map p W is a P N −1 -fibration. It follows that S is smooth and dim S = (N + 2).
(1.13) Definition 1.7. Let Vert q (S /Λ) ⊂ CH q (S ) be the subspace spanned by codimension-q integral closed subsets Z ⊂ S such that the dimension of p Λ (Z) is strictly smaller than the dimension of Z.
The result below is an instance of the spreading principle. 
if and only if for all smooth X ∈ |I C (H)| the relation
Proof. Suppose that (1.14) holds. Then, by definition, there exists an open dense U ⊂ Λ such that the restrition of p *
By shrinking U we may assume that for S ∈ U the surface X := π(S) is smooth. Let S ∈ U : then 0 = p * W Q(π * ζ 1 , . . . , π * ζ m , E 1 , . . . , E n )| S , and since X ∼ = S it follows that (1.15) holds for X = π(S). On the other hand the locus of smooth X ∈ |I C (H)| such that (1.15) holds is a coutnable union of closed subsets of Λ sm (the open dense subset of Λ parametrizing smooth surfaces); since it contains an open dense subset of Λ sm it is equal to Λ sm . Now suppose that (1.15) holds for all smooth X ∈ |I C (H)|. Let S ∈ Λ be generic, X := π(S). Then X is smooth and the restriction of π to S defines an isomorphism ϕ :
Since S is generic in Λ it follows (see [3, 14] ) that there exists an open dense subset U ⊂ Λ such that
(We recall that Chow groups are with rational coefficients, if we consider integer coefficients then (1.16) holds only up to torsion.) Let B := (Λ \ U ). By the localization exact sequence
Λ U ) −→ 0 we get (1.14) because the fibers of p Λ have dimension 2.
1.5. The Chow groups of S and W . Let ξ ∈ CH 1 (S ) be the pull-back of the hyperplane class on Λ via the map p Λ of (1.12). Since p W is the projectivization of a rank-N vector-bundle on W and ξ restricts to the hyperplane class on each fiber of p W the Chow ring CH(S ) is the Q-algebra generated by p * W CH(W ) and ξ, with ideal of relations generated by a single relation in codimension N . We have N ≥ 3 because(π * H − E) is very ample by Hypothesis 1.4; thus we have an isomorphism
The Chow groups CH q (W ) are computed by first describing CH q (E k ) for k ∈ {1, . . . , n}, and then considering the localization exact sequence
One gets an isomorphism
and an exact sequence
where CH 2 (W ) hom is described as follows. Let ρ k : E k → C k be the restriction of the blow-up map π, and σ k : E k ֒→ W be the inclusion map; then we have an Abel-Jacobi isomorphism
Let AJ k be the k-th component of the map AJ.
Lemma 1.9. Assume that Hypothesis 1.4 holds. Let
, and γ k ∈ Q for k ∈ {1, . . . , n}. Then the following hold:
(1) The cohomology class of ω vanishes if and only if
and for all k ∈ {1, . . . , n}
Proof. Since the cohomology class map cl :
is a surjection (by hypothesis), also the cohomology class map cl :
is surjective. Thus, by Poincarè duality, cl(ω) = 0 if and only if deg(ω · ξ) = 0 for all ξ ∈ CH 1 (W ). By (1.18) we must test ξ = π * ζ with ζ ∈ CH 1 (V ) and
and hence
This proves Item (1). Item (2) follows from Equation (1.25).
Remark 1.10. By Lemma 1.9 the kernel of the map
is generated over Q by the classes E k · π * β, where β ∈ CH 1 (V ) and β| C k = 0, together with the classes
i.e. (1.6) holds. Assume that this is the case, and that X ∈ |I C (H)| is a surface smooth at all points of C k . Let S ∈ |π * H − E| be the strict transform of S. Then S is isomorphic to X over C k , and restricting to S the equation π
We record for later use the following formulae:
The first formula follows from the "Key formula" for π * C k , see Prop. 6.7 of [7] . The second formula is immediate (recall that N = dim Λ).
, and Z is the residual divisor (which does not contain L x ). It follows that
where V k , Z k restricted to E k ∩ S, are equal to L x and Z, respectively. We let
Thus p Λ (Θ k ) = Σ k , and the generic fiber of Θ k → Σ k is a projective line. By Hypothesis 1.4 Θ k is of pure codimension 2 in S (or empty). On the other hand
The result below will be instrumental in writing out the class of Θ k in CH 2 (S ) according to Decomposition (1.17).
we must determine the class of the 0-cycle
The composition of the natural maps
gives that
Then (1.34) follows from the above equality together with (1.29).
Corollary 1.12. Let k ∈ {1, . . . , n}. Then
On the other hand p W, * (Θ k · ξ N −1 ) is equal to the right-hand side of (1.34): equating that expression and the right-hand side of (1.38) we get
Proof. By Corollary 1.12 we have
for an arbitrary smooth X ∈ |I C (H)|. In fact it gives the first standard relation (1.5), see Subsection 1.2. 
Proof. Let Z ⊂ S be an irreducible closed codimension-2 subset of S such that the dimension of p Λ (Z) is strictly smaller than the dimension of Z. Since the fibers of p Λ are 2-dimensional the generic fiber of Z → p Λ (Z) has dimension 1 or 2. Suppose that the latter holds. We claim that
On the other hand every irreducible component of p
) has codimension at most 2 in S (because Λ is smooth), and every fiber of p Λ has dimension 2. It follows that p
is irreducible, hence equal to the closure of p −1 Λ (U ), and this proves (1.39). Since Λ is a projective space the class of p Λ (Z) is a multiple of c 1 (O Λ (1)) 2 . It follows that the class of Z is a multiple of ξ 2 and hence the projection CH 2 (S ) → CH 2 (W ) maps it to 0. Now assume that the generic fiber of Z → p Λ (Z) has dimension 1. We distinguish between the two cases:
Suppose that Item (1) holds. By Hypothesis 1.5 there exist an open dense subset U ⊂ p Λ (Z), and a class Γ ∈ CH 1 (W ), such that, for S ∈ U , the intersection S ∩ Z has dimension 1, and the class in (1) ). This proves that there exists x ∈ Q such that
It follows that the projection CH 2 (S ) → CH 2 (W ) maps Z to 0. Lastly suppose that Item (2) holds.
By Hypothesis 1.5 there exist an open dense subset U ⊂ p Λ (Z), a class Γ ∈ CH 1 (W ) and a ∈ Z, such that, for S ∈ U , the intersection S ∩ Z has dimension 1, and represents Γ| S + a(Θ k · S). It follows that there exists an open dense U 0 ⊂ U such that
By Corollary 1.12 it follows that the projection CH
Proof of Proposition 1.6. Let P ∈ Q[x 1 , . . . , x m ] be homogeneous of degree 2 and r 1 , . . . , r n ∈ Q. The set of smooth X ∈ |I C (H)| such that
is a countable union of closed subsets of the open dense subset of |I C (H)| parametrizing smooth surfaces. It follows that if the proposition is false then there exist P and r 1 , . . . , r n , not all zero, such that (1.41) holds for all smooth X ∈ |I C (H)|. Now we argue by contradiction. By Claim 1.8
By Lemma 1.15 it follows that there exist rationals s 1 , . . . , s n such that
easily that s k = 0 for k ∈ {1, . . . , n}, and hence P (ζ 1 , . . . , ζ m ) = 0 by Item (1) of Lemma 1.9.
2. Noether-Lefschetz loci for linear systems of surfaces in P 3 with base-locus 2.1. The main result. In the present section we let V = P 3 . Thus C 1 , . . . , C n ⊂ P 3 , and π :
We denote the tangent sheaf of a smooth variety X by T X . Below is the main result of the present section.
Theorem 2.1. Suppose that d ≥ 5, and that the following hold: curves C 1 , . . . , C n are not planar.
Then Hypothesis 1.5 holds for H ∈ |O P 3 (d)|.
Recall that Hypothesis 1.5 states that Hypothesis 1.4 holds, and that Items (1) and (2) (our Noether-Lefschetz hypotheses) of Hypothesis 1.5 hold. The proof that Hypothesis 1.4 holds is elementary, and will be given in Subsection 2.2. We will prove that Items (1) and (2) of Hypothesis 1.5 hold by applying Joshi's main criterion (Prop. 3.1 of [9] ), and also the idea of Griffiths-Harris [8] , as further developed by Lopez [12] and Brevik-Nollet [5] . The proof will be outlined in Subsection 2.3, details are given in the remaining subsections.
Remark 2.2. Choose disjoint integral smooth curves C 1 , . . . , C n ⊂ P 3 such that for each k ∈ {1, . . . , n} there does not exist r ∈ Q such that c 1 (
the hypotheses of Theorem 2.1 are satisfied, and hence a very general X ∈ |I C (d)| has group of decomposable 0-cycles of rank at least n + 1 by Proposition 1.6. In Section 3 we will prove Theorem 0.1 by giving an explicit example.
2.2. Dimension counts. We will prove that, if the hypotheses of Theorem 2.1 are satisfied, then Hypothesis 1.4 holds for H ∈ |O P 3 (d)|. Let ∆(r) ⊂ Λ(r) be the discriminant hypesurface parametrizing singular surfaces. Proposition 2.3. Suppose that π * O P 3 (r − 1)(−E) is very ample. Then the following hold:
(1) Let x ∈ C. The linear system |I 2 x (r)| ∩ |I C (r)| has base locus equal to C, and codimension 2 in |I C (r)|. If X is generic in |I 2 x (r)| ∩ |I C (r)| then it has an ODP at x and no other singularity. (2) Given x ∈ W \ E there exists S ∈ ∆(r) which has an ODP at x and is smooth away from x.
Moreover ∆(r) is irreducible of codimension 1.
Proof. Let q ∈ P 3 \ C. Since π * O P 3 (r − 1)(−E) is very ample there exists X ∈ |I C (r − 1)| such that q / ∈ X. Let P ⊂ P 3 be a plane containing x but not q: then X + P ∈ |I 2 x (r)| ∩ |I C (r)| does not pass through q, and this proves that |I 2 x (r)| ∩ |I C (r)| has base locus equal to C. Since π * O P 3 (r − 1)(−E) is very ample there exist F, G ∈ H 0 (P 3 , I C (r − 1)) and q 1 , . . . , q m ∈ (C \ {x}) such that V (F ), V (G) are smooth and transverse at each point of C \ {q 1 , . . . , q m }. Let P ⊂ P 3 be a plane not passing through x: the pencil in |I C (r)| spanned by V (F ) + P and V (G) + P does not intersect |I 2 x (r)| ∩ |I C (r)|, and hence |I 2 x (r)| ∩ |I C (r)| has codimension at least 2 in |I C (r)|. The codimension is equal to 2 because imposing on X ∈ |I C (r)| to be singular at x ∈ C j we get 2 linear conditions. In order to show that the singularities of a generic element of |I 2 x (r)| ∩ |I C (r)| are as claimed we consider the embedding
The image is a sublinear system of |I 2 x (r)| ∩ |I C (r)| whose base locus is C, hence the generic V (A · F + B · G) is smooth away from C by Bertini's Theorem. A local computation shows that the projectivized tangent cone of V (AF + BG) at x is a smooth conic for generic A, B. Lastly let q ∈ C \ {x}. The set of [A, B] such that V (AF + BG) is singular at q has codimension 2 if q / ∈ {q 1 , . . . , q m }, codimension 1 if q ∈ {q 1 , . . . , q m }: it follows that for generic [A, B] the surface V (AF + BG) is smooth at all points of C \ {x}. The second item is proved similarly.
The result below follows immediatly from Proposition 2.3. Corollary 2.4. Suppose that π * O P 3 (r − 1)(−E) is very ample. Then the following hold:
(1) ∆(r) is irreducible of codimension 1 in Λ(r), and the generic S ∈ ∆(r) has a unique singular point, which is an ODP. (2) Let k ∈ {1, . . . , n}. If S is a generic element of Σ k (r), then π(S) has a unique singular point x, which is an ODP.
Corollary 2.4 proves that, if the hypotheses of Theorem 2.1 are satisfied, then Item (1) of Hypothesis 1.4 holds with H ∈ |O P 3 (d)|.
Remark 2.5. Let x ∈ C. The proof of Proposition 2.3 shows that the projectivized tangent cone at x of the generic X ∈ |I 2 x (r)| ∩ |I C (r)| is the generic conic in P(T x P 3 ) containing the point P(T x C).
Proposition 2.6. Suppose that π * O P 3 (r)(−E) is very ample and that π * O P 3 (r − 3)(−E) is base point free. Then the locus of non-integral surfaces S ∈ |Λ(r)| has codimension at least 3.
Proof. Let k ∈ {1, . . . , n}. Since π * O P 3 (r)(−E) is very ample, and E k is a P 1 -bundle, the image of the restriction map
at least 4, and hence the locus of S ∈ |π * O P 3 (r)(−E)| which contain E k has codimension at least 4. Let S ∈ |Λ(r)| be a generic non-integral surface, and X := π(S): it follows from the above discussion that X contains no E k , and hence sing X ∩ (P 3 \ C) has dimension at least 1. In particular there exists a couple of distinct p, q ∈ (X \ C) such that X is singular at p and q, with quadratic term which is degenerate (in fact the set of such couples is infinite). Thus, by a parameter count it suffices to prove that the subset Ω p,q ⊂ |I C (r)| of X singular at p, q, with degenerate quadratic term has codimension 10 (as expected). Let Y ∈ |I C (r − 3)| be a surface not containing p nor q (it exists because π * O P 3 (r − 3)(−E) is base point free), and consider the subset
An explicit computation shows that the codimension of the set of Z ∈ |I C (3)| singular at p, q, with degenerate quadratic term has codimension 10: it follows that Ω p,q ∩P Y has codimension 10, and hence Ω p,q has codimension 10 in |I C (r)|. ∨ , thus it makes sense to distinguish between the following two cases: (
Let A ⊂ Λ(d) be an integral closed subset of codimension 1, and suppose that there exists S ∈ (A\ ∆(d)) such that A is smooth at S, and the projective tangent space T S A is a base-point free linear subsystem of
The above result deals with codimension-1 subsets A ⊂ Λ(d) for which (I) above holds. Thus, in order to finish the proof of Theorem 2.1, it remains to deal with those A such that (II) above holds. Definition 2.8. Given p ∈ W and F ⊂ T p W a vector subspace, we let
, and for k ∈ {1, . . . , n} we let
Notice that Λ p,F (d) and Γ p,F (d) are sub linear systems of Λ(d) and Γ(d) respectively. In Subsection 2.6 we will prove the result below by applying an idea of Griffiths-Harris [8] as further developed by Lopez [12] and Brevik-Nollet [5] .
Proposition 2.9. Suppose that the following hold:
The curves C 1 , . . . , C n are not planar.
Let p ∈ W , F ⊂ T p W a subspace, and assume that if p ∈ E then F ⊂ T p E and
is generated by c 1 (O X (1)) and the classes of C 1 , . . . , C n .
Granting Proposition 2.9, let us prove that the statement of Theorem 2.1 holds for A such that A ∨ is contained in W . Let us distinguish the following two sub-cases of (II):
Suppose that (IIa) holds. By projective duality A is the closure of
Let p ∈ (A ∨ ) sm be generic. We claim that the hypotheses of Proposition 2.9 hold for p and
∨ ⊂ E (and a priori variable x). Then there exists x 0 ∈ C such that A ∨ = π −1 (x 0 ), and since A is the closure of (2.3) we get that the generic S ∈ A is tangent to π −1 (x 0 ). Since S · E is a section of E → C it follows that S contains π −1 (x 0 ) and therefore is tangent to E, i.e., A ∈ Σ(d), contradicting the hypothesis. Thus the hypotheses of Proposition 2.9 hold for p ∈ (A ∨ ) sm generic and F = T p A ∨ , and hence if S ∈ Λ p,TpA ∨ (d) is very general, then CH 1 (X) Q is generated by c 1 (O X (1)) and the classes of C 1 , . . . , C n .
On the other hand, since A ⊂ Σ(d), the linear system Λ p,TpA ∨ (d) is not contained in Σ(d) i.e. S intersects transversely E, and hence the restriction of π to S is an isomorphism S ∼ −→ X. It follows that CH 1 (S) Q is equal to the image of CH 
is not surjective is a countable union of closed subsets of ∆ 0 (d) (take a simultaneous resolution), and we are done because we have shown that the complement is non empty. Lastly suppose that (IIb) holds, say A = Σ k (d). Let S ∈ Σ k (d) be generic, and let X := π(S). By Corollary 2.4 the restriction of π to S is the blow-up of the unique singular point of X, which is an ordinary node, call it x. Now suppose that S is very general, then by Proposition 2.9 the Chow group CH 1 (S) Q is generated by the image of CH 1 (W ) Q → CH 1 (S) Q and the class of π −1 (x). Of course S is smooth. Now notice that the set of
Summing up: we have shown that in order to prove Theorem 2.1 it suffices to prove Proposition 2.7 and Proposition 2.9. The proofs are in the following subsections.
Infinitesimal Noether-Lefschetz results. Let
) be a subspace and σ ∈ U be non-zero, we let S := V (σ), and we assume S is smooth. Let m σ,U ⊂ O P(U), [σ] be the maximal ideal and T σ,U := Spec(O P(U),[σ] /m 2 σ ) be the first-order infinitesimal neighborhood of [σ] in P(U ). We let S Tσ,U → T σ,U be the family of surfaces obtained by pulling back the family S Λ → Λ via the inclusion T σ,U ֒→ P(U ). The Infinitesimal Noether Lefschetz (INL) Theorem is valid at (U, σ) (see Section 2 of [9] ) if the group of line-bundles on S Tσ,U is equal to the image of the composition
, and suppose that S := V (σ) is smooth and A is smooth at [σ]. Let P(U ) be the projective tangent space to A at [σ] . If the INL Theorem holds for (U, σ) then A \ ∆ does not belong to N L(Λ \ ∆). Joshi [9] gave a cohomological condition which suffices for the validity of the INL Theorem. Suppose that
; we let M (U ) be the locally-free sheaf on W fitting into the exact sequence
Proposition 2.10 (K. Joshi, Prop. 3.1 of [9] ). Let 0 = σ ∈ U such that S = V (σ) is smooth, and suppose that
Then the INL Theorem holds at (U, σ).
2.5.
The generic tangent space is a base-point free linear system. The aim of the present subsection is to prove Proposition 2.7. First we go through a couple of auxiliary results.
Lemma 2.11. Suppose that
Let ι : E ֒→ W be the inclusion of the exceptional set of π and ξ be the natural quotient line-bundle on E. Thus letting ρ : E → C be the restriction of π we have an exact sequence
The differential of π gives the exact sequence
Below is a piece of the associated long exact sequence of cohomology:
(2.10)
In fact the spectral sequence associated to π and abutting to the cohomology H q (W, π * T P 3 (d − 4)) gives an exact sequence
Thus in order to complete the proof it suffices to show that the map
is surjective. We have an isomorphism
, and moreover Map (2.12) is identified with the composition
The map α is surjective by the first vanishing in (2.6), while β is surjective by the second vanishing in (2.6). This proves that (2.7) holds.
Let U ⊂ H 0 (P 3 , I C (d)) be a subspace which generates I C (d); we let M (U ) be the sheaf on P 3 fitting into the exact sequence
The curve C is a local complete intersection because C is smooth, and hence M (U ) is locally-free.
Lemma 2.12. Suppose that the hypotheses of Lemma 2.11 hold and that in addition the sheaf I C is d-regular. Let U ⊂ H 0 (P 3 , I C (d)) be a subspace which generates I C (d), and let c be its codimension.
). Then M is 1-regular: in fact H 1 (P 3 , M ) = 0 because the exact sequence induced by (2.14) on H 0 is exact by definition, and 
, and the projective tangent space T S A is a base-pont free codimension-1 linear subsystem of Λ. We have T S A = P(U ), where
) is a codimension-1 subspace which generates O P 3 (d)(−E). We will prove that the INL Theorem holds for (U, σ), and Proposition 2.7 will follow. By Joshi's Proposition 2.10 it suffices to prove that the following hold:
We start by noting that, since T P 3 is −1-regular, and by hypothesis I C is (d−2) regular, the sheaf I C ⊗ T P 3 is (d − 3)-regular, see Proposition 1.8.9 and Remark 1.8.11 of [11] . Thus the hypotheses of Lemma 2.11 are satisfied, and hence Item (a) holds. Let us prove that Item (b) holds. Tensoring (2.5) by
) and taking cohomology we get an exact sequence
, and hence U is identified with a codimension-1 subspace of H 0 (P 3 , I C (d)) that we will denote by the same symbol. Clearly it suffices to prove that the natural map
is surjective. Tensorize Exact Sequence (2.14) by O P 3 (d − 4) and take the associated long exact sequence of cohomology: then (2.16) appears in that exact sequence, and hence it suffices to prove that
By Lemma 2.12 the sheaf M (U ) is 2-regular, and by hypothesis d ≥ 5: the required vanishing follows.
2.6. All tangent spaces at smooth points are linear systems with a base-point. We will prove Proposition 2.9. We start with an elementary result. Lemma 2.13. Assume that π * O P 3 (r − 2)(−E) is very ample. Let p ∈ W and F ⊂ T p W be a subspace such that one of the following holds:
If X ∈ Γ p,F (r) (see Definition 2.8) is generic then, corresponding to (1) -(3) above we have the following:
(1 ′ ) X is smooth, (2 ′ ) X has an ODP at q = π(p) and is smooth elsewhere, (3 ′ ) X is smooth.
Proof. Suppose first that (1) or (2) holds, i.e. p / ∈ E, and let q := π(p). The linear system Γ p,F (r) has base locus C ∪ {q}: in fact let z ∈ (P 3 \ C \ {q}), there exists Y ∈ |I C (r − 2)| not containing z because π * O P 3 (r − 2)(−E) is very ample, and also a quadric Q not containing z and such that p ∈ Q and F ⊂ T p Q, and hence Y + Q is an element of Γ p,F (r) which does not contain z. By Bertini the generic X ∈ Γ p,F (r) is smooth away from C ∪ {q}. Considering Y + Q ∈ Γ p,F (r) as above we also get that the beahviour in q of the generic element of Γ p,F (r) is as claimed.
The above argument also shows that, imposing to X ∈ |I C (r)| that it contains q and that
It remains to prove that the generic X ∈ Γ p,F (r) is smooth at every point of C, i.e. that Σ(r) ∩ Γ p,F (r) is a proper closed subset of Γ p,F (r). Since
it suffices by (2.17) to prove that
Thus we must check that requiring that X ∈ |I 2 x (r)| ∩ |I C (r)| contains q and F ⊂ T q X imposes r + 1 linearly independent conditions. This is proved by choosing Y ∈ |I 
Then S is clearly smooth at p, and by Bertini's Theorem it is smooth away from p as well. In order to prove that X = π(S) is smooth we must check that S does not contain any of the lines
It follows that a generic S ∈ |I p ⊗ π * O P 3 (r)(−E)| does not contain any L x . We are left to deal with the case of a 1-dimensional F ⊂ T p E transverse to T p (π −1 (q)). Let Z ⊂ W be the 0-dimensional scheme of length 2 supported at p, with tangent space F ; thus Z ⊂ E. We must prove that a generic S ∈ |I Z ⊗ π * O P 3 (r)(−E)| is smooth and contains no line L x where x ∈ C. We claim that the base-locus of
| not containing z, and a plane P ⊂ P 3 containing q and not containing π(z); then (T + P ) ∈ |I Z ⊗ π * O P 3 (r)(−E)| does not contain z. This proves that the base-locus of |I Z ⊗ π * O P 3 (r)(−E)| is p; it follows that the generic S ∈ |I Z ⊗ π * O P 3 (r)(−E)| is smooth. We finish by showing that (2.21) holds with I p replaced by I Z . The case x = q is immediate. If x ∈ C \ {q} we get the result by considering elements (T + P ) ∈ |I Z ⊗ π * O P 3 (r)(−E)| where P is a fixed plane containing q and not containing x, and T ∈ |I p ⊗ π * O P 3 (r − 1)(−E)|.
Remark 2.14. The proof of Lemma 2.13 shows that, if Item (2) holds, the projectivized tangent cone at q of the generic X ∈ Γ p,F (r) is the generic conic in P(T q P 3 ).
Next we prepare the stage for the promised application of the Griffiths-Harris method. Let r ∈ {d− 1, d}. Suppose that p ∈ W and F ⊂ T p W satisfy the hypotheses of Proposition 2.9. By Lemma 2. 13 there exists an open dense subset U p,F (r) ⊂ Γ p,F (r) such that for X ∈ U p,F (r) the following holds:
(a) X is smooth if p / ∈ E and F = T p W , or p ∈ E. Now Item (a) is Proposition II.2.6 of [12] . It remains to prove that (b) holds. To this end we will show that C 0 is not planar and we will control the set of planes P such that P s ∩ Y is reducible (see the proof of Item (b) of Lemma 3.4 of [5] ). Thus none of the curves C 0 , C 1 , . . . , C n is planar.
Lemma 2.16. Let Y ⊂ P 3 be a surface which is either smooth or has ODP's. The set of planes P such that P ∩ Y is reducible is the union of a finite set and the collection of pencils through lines of Y (if there are any).
Proof. Suppose the contrary. Then there exists a 1-dimensional family of planes P such that P · Y = C 1 +C 2 with C 1 , C 2 divisors which intersect properly, supp C 1 is irreducible, and deg C 1 > 1, deg C 2 > 1, where the degree is with respect to O P 3 (1). We will get a contradiction. We distinguish between the two cases:
(1) The generic P does not contain any singular point of Y . 
where (C 1 · C 2 ) P is the intersection number of C 1 , C 2 in the plane P , (C 1 · C 2 ) Y is the intersection number of C 1 , C 2 in the surface Y etc. The first equality of (2.24) holds by Bèzout, the second equality is proved by a local computation of the multiplicity of intersection at each point of C 1 ∩C 2 (one needs the hypothesis that Y is smooth at each such point). Thus (2.24) gives that (C 1 · C 1 ) Y = m 1 (1 − m 2 ) < 0, and this contradicts the hypothesis that C 1 moves in Y . If (2) holds one argues similarly. Let P 3 → P 3 be the blow of a (respectively {a, b}), and Y , P ⊂ P 3 be the strict transforms of Y and P respectively. By hypothesis Y has an ODP at each of its singular points and hence Y is smooth, and of course P is smooth. Let C i be the strict transform of C i in P 3 . The computation in the case that P contains two singular points is as follows. Let r i := mult a C i , s i := mult b C i . Then the equality Then Y has at most ADE singularities, and hence is Q-factorial. Let E, F be the exceptional sets over a and b respectively, both have strictly negative self-intersection. Let i > 0 be such that iE and iF are Cartier. Let ϕ : Y → P 1 be the regular map defined by the pencil of plane sections of Y containing a, b; for s ∈ P 1 we let D s := ϕ −1 (s). It suffices to prove that, given r > 0, the set of s ∈ P 1 such that O Y (riE − riF )| Ds is trivial is finite. Assume the contrary: then O Y (riE − riF ) ∼ = ϕ * O P 1 (ℓ) for some ℓ ∈ Z because every plane containing a, b intersects Y in an irreducible curve (see the proof of Item (b) of Lemma 3.4 of [5] ). It follows that the degrees of O Y (riE − riF ) on E and F are both equal to ℓ, and that is absurd because they have opposite signs.
